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ABSTRACT: We present a noncommutative D = 3, N = 1 supergravity, invariant un-
der diffeomorphisms, local U(1,1) noncommutative x-gauge transformations and local *-
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extra fields.

A noncommutative deformation of D = 4, N = 1 supergravity is also obtained, re-
ducing to the usual simple supergravity in the commutative limit. Its action is invariant
under diffeomorphisms and local GL(2,C) x-gauge symmetry. The supersymmetry of the
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1 Introduction

Gravity theories on D = 4 twisted spaces have been constructed in the past in the context
of particular quantum groups [1] and more recently in the twisted noncommutative geome-
try setting [2-4]. In this setting the deformed theory is invariant under x-diffeomorphisms,
but in [3] no gauge invariance on the tangent space (generalizing local Lorentz symmetry) is
incorporated, and therefore coupling to fermions could not be implemented. A local symme-
try, enlarging the local SO(3,1) symmetry of D = 4 Einstein gravity to GL(2,C), has been
considered in the approach of Chamseddine [2]. The resulting theory has a complicated
classical limit, with two vielbeins (or, equivalently, a complex vielbein). Noncommutative
gravities in lower dimensions have been studied in [5] (D=2) and in [6, 7] (D=3).

In [8] we have proposed a noncommutative gravity, coupled to fermions, and reducing
in the commutative limit to ordinary gravity + fermions, without extra fields (in partic-
ular without an extra graviton). This is achieved by imposing a noncommutative charge
conjugation condition on the bosonic fields, consistent with the x-gauge transformations.
One can also impose a noncommutative generalization of the Majorana condition on the
fermions, compatible with the x-gauge transformations.

In this paper we present the noncommutative extensions of locally supersymmetric
D = 3 and D = 4 gravity theories. The noncommutativity is given by a x-product as-
sociated to a very general class of twists. This x-product can also be z-dependent. The
deformed supergravity actions are constructed with a cyclic integral. As a particular case
we obtain noncommutative supergravities where noncommutativity is realized with the
Moyal-Groenewald *-product.

For D = 3 the situation is easier, since in three dimensions gravity becomes essentially
a Chern-Simons gauge theory. The noncommutative extension of a particular AdS(3)
supergravity in three dimensions has been studied in [9].

Here we discuss D = 3, N = 1 supergravity without cosmological term. The noncom-
mutative geometric action is constructed directly by generalizing the usual D = 3 super-
gravity action, without reference to the Chern-Simons action. The noncommutative theory
is invariant under diffeomorphisms, local U(1,1) x-gauge symmetry and x-supersymmetry.

We then propose an action for a noncommutative deformation of D = 4, N = 1 super-
gravity, invariant under diffeomorphisms and local GL(2,C') x-gauge transformations, but
without x-supersymmetry. In this case noncommutativity breaks the local supersymmetry
of the commutative theory. The commutative § — 0 limit is the usual D = 4, N =1
simple supergravity, with a Majorana gravitino.

We can obtain local x-supersymmetry invariance of the noncommutative action if we
impose a Weyl condition on the fermions, rather than a Majorana condition. This leads to
a noncommutative supergravity whose 8 — 0 limit is a chiral D =4, N = 1 supergravity
with two vierbein fields (or a complex vierbein) and a left-handed gravitino.

The paper is organized as follows. In section 2 we discuss three dimensional non-
commutative simple supergravity, in first order formalism. In section 3 we present the
index-free formulation of usual D =4, N = 1 supergravity, exploiting the Clifford algebra
representation of boson fields, thus preparing the ground for its noncommutative extension.



In this setting the supersymmetry of the action becomes quite easy to prove. In section
4 we consider noncommutative first order D = 4, N = 1 supergravity, and prove its local
*-invariances. Section 5 contains some conclusions. In appendix A we collect a few useful
results of twist differential geometry. Conventions, D = 3 and D = 4 gamma matrices
properties are summarized in appendices B and C.

2 Noncommutative D = 3, N = 1 supergravity

2.1 Action

Using the s-exterior product of twist differential geometry (see appendix A), we extend
the usual action of D = 3, N = 1 supergravity to its noncommutative version. In index-

free notation:

S = —2/Tr [R(Q) ALV +ip As )] (2.1)

The fundamental fields are the 1-forms  (spin connection), V' (vielbein) and gravitino .
The curvature 2-form R and the gravitino curvature p are defined by

R=dQ—QA.Q, p=Dip=dp— QA (2.2)
with
1
Q:?M%H%M, V =V, +ivl (2.3)

and thus are 2 x 2 matrices with spinor indices, see appendix B for D = 3 gamma matrix
conventions and useful relations. The Dirac conjugate is defined as usual: 1) = 1)T~g. Then

(D) Ay 1) is also a matrix in the spinor representation, and the trace T'r is taken on this
representation. Using the D = 3 gamma matrix identity:

Tr(YaVbye) = —2€abe (2.4)

allows to rewrite the action in terms of component fields:

S = /Ra" A Veeape + 4r Ny v + 2it) Ay p (2.5)

with
Rziﬁ%m+wL (2.6)

and
RY = dw® — %w“c Ay w® + %wbc Ay w0 — i(w® Ay w + w Ay w?), (2.7)
r=dw—iwAw— éwab Nx Wab (2.8)



2.2 Hermiticity conditions and reality of the action

Hermiticity conditions can be imposed on V' and 2:
V0 =VT, 0 = (2.9)
Moreover it is easy to verify that:
YoRyo = RY,  ~olp Ax¥lvo = [ Ay T (2.10)

with
Note also that up to boundary terms

/Tr[p/\*w] /Trw/\*p /1/1/\*p——/p/\*¢ (2.12)

where we have used the cyclicity of Tr and the graded cyclicity of the integral. For example
the first equality holds because

/ Trip Aed] = / Tr(d(y Ax ) + 1 A ) (2.13)
These formulae can be used to check that the action (2.1) is real.
The hermiticity conditions (2.9) imply that the component fields V*, v, w®, w are real.

2.3 Field equations

Using the cyclicity of T'r and the graded cyclicity of the integral in (2.1), the variation of
V , Q and 1) yield respectively the noncommutative Einstein equation, torsion equation
and gravitino equation in index-free form:

R=0 (2.14)
AV —QANV -V AQ—ib A0 =0 (2.15)
p=0 (2.16)
The noncommutative torsion two-form is defined by:
T=T%,+itl=dV — QA V =V A, Q (2.17)
or, in component fields:
@ —dV“—1 wh AL VE— VAL W8 —i—i € (Whe Ny U + U Ay whe)
= 9 b\ * Wp 4 be M\« * Whe
— (WA VI+ VN W) (2.18)
t =dv— ieabc (w“b A VEHVEN, w“b> — WALV — 10 Ny w (2.19)
The torsion equation T = i1) A, ¢ (2.15) yields:
. B 1 B
T = %Tr(qp A", t= ST AL Y) (2.20)



2.4 Bianchi identities

From their definition, the curvatures R, p and the torsion 7T satisfy the identities

dR = —RAQ+ QAR (2.21)
dp=—RN Y+ QA p (2.22)
dT = QNT -TNQ—RNV+V AR (2.23)

The terms on right-hand sides with the spin connection €2 reconstruct covariant derivatives
on curvatures and torsion, so that the identities take the form

DR=0, Dp=—-RAW, DT =-RAV VAR (2.24)

2.5 Invariances

The action (2.1) is invariant under:

i) Diffeomorphisms: generated by the usual Lie derivative. Indeed the action is the
integral of a 3-form on a 3-manifold,!

/Ev(?)—form) = /(ivd + diy)(3-form) = /d(iv(?)—form)) = boundary term (2.25)

since d(3-form) = 0 on a 3-dimensional manifold. We have constructed a geometric
lagrangian where the fields are exterior forms and the x-product is given by the Lie
derivative action of the twist on forms. The twist F in general is not invariant under
the diffeomorphism £,. However we can consider the x-diffeomorphisms of ref. [3] (see
also [14], section 8.2.4), generated by the x-Lie derivative. This latter acts trivially
on the twist F but satisfies a deformed Leibniz rule. x-Lie derivatives generate
infinitesimal noncommutative diffeomorphisms and leave invariant the action and
the twist. They are noncommutative symmetries of our action.

Finally in our geometric action no coordinate indices u,v appear, and this implies
invariance of the action under (undeformed) general coordinate transformations.?
Otherwise stated every contravariant tensor index # is contracted with the corre-
sponding covariant tensor index ,, for example X, = X;'d, and V* = Vidzh.

ii) Local SO(1,2) x U(1) =~ U(1,1) variations:

0V = —VxetexV, 6Q=de—Qxet+exQ, 6 =ex1), 6ap=—1pxe (2.26)

'In order to show that the integrand is a globally defined 3-form we need to assume that the vielbein
one-form V¢ is globally defined (and therefore that the manifold is parallelizable), the twisted exterior
product being globally defined (because the twist is globally defined). If this is the case, then due to the
local SO(1,2) x U(1) invariance (see point ii) below) the action is independent of the vielbein used. On
the other hand, if the vielbein V¢ is only locally defined in open coverings of the manifold, then we cannot
construct a global 3-form, since the local SO(1,2) x U(1) invariance holds only under integration.

2@General coordinate transformations are diffeomorphisms of an open coordinate neighbourhood of the
manifold, not of the whole manifold.



with

1
€= Zeab%b +iel (2.27)

satisfying the hermiticity condition:

Yoevo = €' (2.28)

This condition implies reality of the component gauge parameters %, e.

The invariance of (2.1) can be easily checked noting that
SR=—Rxe+exR, bp=cxp, O(pNcth)=—pNethxetexpActp (2.29)
and using the cyclicity of the trace Tr and the graded cyclicity of the integral.
iii) Local N=1 x-supersymmetry variations:
SV =i(exth —h%€), bp=de— Qxe (2.30)

where now € is a spinorial parameter. Notice that €2 is not varied: we are work-
ing in 1.5 - order formalism, i.e. we are considering {2 as already satisfying its own
equation of motion (2.15). Then the variation of the action due to the supersym-
metry variation of {2 vanishes, since it is proportional to the 2 field equation. The
variations (2.30) imply:

dp =dée+exQ, dp=—Rxe, O p=¢éexR (2.31)
The action varies as:

6€S:—2i/Tr[R/\* (—pxe+ex) + (—Rxe) Aeth + p Ay (de+ex Q)] (2.32)

After integrating by parts the term with dé, using the Bianchi identity for dp (2.22)
and reordering the peQ) term using the cyclicity of Tr and graded cyclicity of the
integral, all terms are seen to cancel. Thus the action (where €2 is resolved via
its equation of motion, i.e. in second order formalism) is invariant under the local

*-supersymmetry transformations (2.30), up to boundary terms.

On the component fields, the U(1,1) transformation rules are:

1 1 )
oVt = igab*Vb—l—§Vb*5ab+ie“bc(v*abc—abc*v)—i—i(s*V“—V“*a)
0cv = _%Eabc (V“*ebc—ebc*V“) —i(vke—e*v)

Sew® = de® +wc[“*ecb} —66[“*%1’} —1 < Wby e— s*w“b) —1 (w*sab — 6“b*w)

1 .
Oew = _de—g (w“b*eab—e“b*wab) —z(w*e—e*w)

1
det) = Zﬁab%b * 1 + i * 1 (2.33)



and the supersymmetry variations are:
0.Vt = %Tr(e *xPy* — 9 x ey?)
Sev = %Tr(e*z/? — 1 *E)
0ct) = de — iw“bwab *€—lwxe (2.34)

Finally, it is a straightforward exercise to check that the hermiticity conditions on the fields

and on the parameters are consistent with the x-gauge and *-supersymmetry variations.

2.6 Commutative limit § — 0

In the commutative limit the action (2.5) reduces to

So—o = /R“” AV eape +4r ANv +2ih A p (2.35)
with
RY® = dw®™ — % Aw®, r=dw (2.36)
1
p = dip — S0 yap Nt — iw A (2.37)

The # = 0 field equations imply, as in the noncommutative case, that all curvatures R*. r, p
vanish. The 6 = 0 torsion constraints become:

- -
AV — W AV = %ma A, du= Py (2.38)

The term 7 A v = dw A v in the action (2.35) can be integrated by parts. Using now
the second torsion constraint dv can be substituted by (1/2)(1) A %), and the whole term
exactly cancels the 1wt term coming from the third term in (2.35). Thus the § = 0
action becomes

- 1
SG:O = /Rab A chabc + 2“/} A (dw - Zwab’)/ab A ¢> (239)

and does not contain any more the fields w and v. In fact it coincides with the usual D = 3
pure supergravity action, involving only the dreibein V% and the gravitino . One can
at this point use also the first torsion constraint to express w® in terms of the dreibein,
retrieving the classical action in second order formalism.

Note: the second torsion constraint in (2.38) implies that ¢ A ) must be closed, which
is true on-shell since d(1) A1) = pAp — 1 A p.
3 Classical D = 4, N = 1 supergravity

The D = 4, N = 1 simple supergravity action can be written in index-free notation
as follows:

S:/Tr RQ)AV AV —2(p Ah+ 9 A p) A Vs (3.1)



The fundamental fields are the 1-forms € (spin connection), V' (vielbein) and gravitino .
The curvature 2-form R and the gravitino curvature p are defined by

R=dQ—-QAQ, p=Dyp=dp—W, p=Dp=dp —1p AQ (3.2)
with 1
0= Z“’ab%”’ V =V, (3.3)

and thus are 4 x 4 matrices with spinor indices. See appendix C for D = 4 gamma matrix
conventions and useful relations. The Dirac conjugate is defined as usual: 1) = 1)T~g. Then
also p A1 and 1) A p are matrices in the spinor representation, and the trace Tr is taken
on this representation. The gravitino field satisfies the Majorana condition:

Pl =T C (3.4)

where C' is the D = 4 charge conjugation matrix, antisymmetric and squaring to —1.
Using the D = 4 gamma matrix trace identity:

Tr(YabYeYdVs) = —4i€abed (3.5)
leads to the usual supergravity action in terms of the component fields V@, w?:
S = /Rab AVEAVeeped — 40 AYsyap AV (3.6)
with 1
R= ZRab%b, R™ = du® — w A w (3.7)
We have also used
PY5Vat = YV5Yap (3.8)

due to 1 and p being Majorana spinors.>

3.1 Field equations and Bianchi identities

Using the cyclicity of the T'r in the action (3.1), the variation on V', £ and 1) yield respec-
tively the Einstein equation, the torsion equation and the gravitino equation in index-free
form:

Tr [Yays (iVAR—IiRAV +2(pAp+9Ap))] =0 (3.9)
Tr [Yavs (ITAV —iVAT +2p A AV =2V A AD)] =0 (3.10)
VADy =0 (3.11)
where the torsion T' = T%, is defined as:
T'=dV-QAV -V AQ (3.12)

3Then the two addends in the fermionic part of the action (3.1) are equal, so that we could have used
only one of them, with factor —4. However in the noncommutative extension both will be necessary.



The solution of the torsion equation (3.10) is given by:
T =il A, yslys = i) A — ivsth A s (3.13)
Upon use of the Fierz identity for Majorana spinor one-forms:
" 1 T~ 1 7. ab
VAP = 29V A = Yy AY (3.14)
the torsion is seen to satisfy the familiar condition
i_
T =T, = 597" A 7 (3.15)

Finally, the Bianchi identities for the curvatures and the torsion are:

dR = —RAQ+QAR (3.16)
dp = —RAYV+QAp, dp=9pANR—pAQ (3.17)
dl = —RAV +QAT—-TAQ+V AR (3.18)

The terms with the spin connection ) reconstruct covariant derivatives of the curvatures
and the torsion.

3.2 Invariances

We know that the classical supergravity action (3.6) is invariant under general coordinate
transformations, under local Lorentz rotations and under local supersymmetry transfor-
mations. It is of interest to write the transformation rules of the fields in the index-free

notation, so as to verify the invariances directly on the index-free action (3.1).

Local Lorentz rotations

5V =—[Viel, 6=de—[Qe], Oap=ep, 6ap=—e (3.19)
with
ezig%% (3.20)

The invariance can be directly checked on the action (3.1) noting that
SR=—[R,e], 0.Dy =eDvp, 6.Dp=—(Di)e (3.21)

using the cyclicity of the trace Tr (on spinor indices) and the fact that e commutes with
~5. The Lorentz rotations close on the Lie algebra:

[0er 5 Be,] = 5[ (3.22)

€2,€1]



Local supersymmetry. The supersymmetry variations are:
6V =i[er) — P&, vs5]vs, b = De = de — Qe (3.23)

where now e is a spinorial parameter (satisfying the Majorana condition). Notice that again
) is not varied since we work in 1.5 - order formalism, i.e. €) satisfies its own equation of
motion (3.10).

The commutator of el —1)€ with 5 in the supersymmetry variation of V' eliminates the
terms even in 7, in the Fierz expansion of two generic anticommuting spinors (see appendix
C). Moreover, since € and 1) are Majorana spinors, the combination ) — € ensures that
only the v, component survives. Then (3.23) reproduce the usual supersymmetry variations
(see below).

The variations (3.23) imply:

0) = DE=de+€éQ, S.p=—Re, 6.p=E¢eR (3.24)
Then the action varies as:
0.8 = /2 Tr[RA (YE—ep) ANVys + RAV A (YE— eh)ys] —
—2Tr [(~ReNY AV +pA(de+EQ) AV + (de —Qe) ApAV + P NERAV ) 7s]
+2i Tr [(p A+ A p) (Ve—ed)vs — (p A+ Ap) s (Ve — ed)] (3.25)

After integrating by parts the terms with de and dé, and using the Bianchi identity (3.17)
for dp the variation becomes:

5.5 = /2 Tr [RA (e — ) A Vs + RAV A (6 — ) 5] —
—2TT[(—Re/\zZ/\V+p/\EQ/\V—Qe/\ﬁ/\V+¢/\€R/\V+
+(RAY—QAp)eEANV —peN(T+QAV +V AQ) —
—e(—ﬁ/\QJrz/?/\p)/\V—eﬁA(T+Q/\V+V/\Q)>fy5] +
+20 Tr [(p A+ Ap) (Ve —e) 5 — (pAD + Y Ap) s (VE—ep)] (3.26)

where we have substituted dV by T+ Q AV + V A Q (torsion definition). Using now the
cyclicity of T'r , and the fact that 5 anticommutes with V' and commutes with €2, all terms
can be easily checked to cancel, except those containing the torsion 7" and the last line
(four-fermion terms).

Once we make use of the torsion equation ((3.13) to express T' in terms of gravitino
fields, the variation reduces to:

5.5 = 20 [ Tr[pe A (6 s = 35 AB) + ep A (0 A 535 = 750 A )
—i—(p/\zﬁ—l—l/}/\ﬁ)/\(wé—ezﬁ)'yg,—(p/\zﬁ—i—zb/\ﬁ)/\’yg,(wé—ezﬁ)} (3.27)

Finally, carrying out the trace on spinor indices results in

555:2i/(¢6—6¢)/\(¢75/\ﬂ—/)’75/\1/1)+(1/1/\P—P/\1/1)/\(1/1’Y56—6’Y51/1)

+(ep — pe) A (s AY) 4 (pyse — evsp) A (U A D) (3.28)

,10,



Each factor between parentheses vanishes, due to all spinors being Majorana spinors. This
proves the invariance of the classical supergravity action under the local supersymmetry
variations (3.23).

On the component fields, the Lorentz transformations (3.19) read:

b
56Va = EabV
5Ewab _ d&.ab + gacwcb o gbcwca

1
567;Z) = ZeabW/abw (329)

and the supersymmetry variations (3.23) become:
0V = ey

1
det) = de — Zw“byabe (3.30)

4 Noncommutative D = 4, N = 1 supergravity

4.1 Action and GL(2,C) x-gauge symmetry

A noncommutative generalization of the D = 4, N = 1 simple supergravity action is
obtained by replacing exterior products by x-exterior products in (3.1):

S = /Tr [iR(Q) Ak V A Vs +2(p Ac ) + 1 Ay ) Ak Vs (4.1)
where the curvature 2-form R and the gravitino curvature p are defined as:
R=dQ—-QA,Q, p=Dip=dy—Qx (4.2)

Almost all formulae of the commutative case continue to hold, with ordinary products
replaced by *-products and x-exterior products. However, the expansion of the fundamental
fields on the Dirac basis of gamma matrices must now include new contributions; more
precisely the spin connection contains all even gamma matrices and the vielbein contains
all odd gamma matrices:

1 ~
0= Zwab%b +iwl+ @y, V=V + V™ (4.3)

The one-forms €2 and V are thus also 4 x 4 matrices with spinor indices. Similarly for

the curvature:

1
R = SRy +irl + s (4.4)
and for the gauge parameter:
1
€= Ze“"fyab +iel + s (4.5)

Indeed now the x-gauge variations read:

0V =-VxetexV, 6Q=de—Qret+exQ, 0 =ex1, 6p=—1pxe (4.6)

— 11 —



and in the variations for V' and €2 also anticommutators of gamma matrices appear, due to
the noncommutativity of the x-product. Since for example the anticommutator {vap,Vea}
contains 1 and -5, we see that the corresponding fields must be included in the expansion
of Q. Similarly, V' must contain a 7,75 term due to {74p,7.}. Finally, the composition law
for gauge parameters becomes:

[5617552] = Oepxe —eq ez (4.7)

so that € must contain the 1 and ~5 terms, since they appear in the composite parameter
€9 k€1 — €] X €9.

The invariance of the noncommutative action (4.1) under the *-gauge variations is
demonstrated in exactly the same way as for the commutative case, noting that

SR = —RxetexR, 0.DY = exD1), 6 ((D)Ntp) = —(DY) Agthxe+ex(D)Atp (4.8)

and using now, besides the cyclicity of the trace T'r and the fact that e still commutes with
~s5, also the graded cyclicity of the integral.

4.2 Local *-supersymmetry

The x-supersymmetry variations are obtained from the classical ones using x-products:
5V =ilext) —p* €5l 0cp = de — Qxe (4.9)

where € is a spinorial parameter. Under these variations the noncommutative action varies
as given in (3.28), with ordinary products substituted with x-products. Indeed the algebra
is identical, since 75 still anticommutes with V' and commutes with €2, and we can use the
cyclicity of T'r and graded cyclicity of the integral.

The question is now: does this variation vanish? Classically it vanishes because of the
Majorana condition on the spinors (gravitino and supersymmetry gauge parameter). We
recall the noncommutative generalization of the Majorana condition, consistent with the
x-gauge transformations [8]:

Vs=1v_9, V=CH)T (4.10)

This condition involves the 8 dependence of the fields,* and is consistent with the x-gauge
transformations only if the gauge parameter satisfies the charge conjugation condition [8]:

CeyC = €Ly (4.11)

The NC Majorana condition (4.10) is consistent also with x-supersymmetry transformations
if the supersymmetry parameter is Majorana, and the bosonic fields satisfy the charge
conjugation conditions

cQ,C =0, cv,c=V, (4.12)

4The fields can be formally expanded in powers of #: in principle this picture would introduce infinitely
many fields, one for each power of . However the Seiberg-Witten map [10, 11] can be used to express all
fields in terms of the classical one, ending up with a finite number of fields.

- 12 —



Now consider the first term in the supersymmetry variation of the action (for the other
three terms the reasoning is identical):

21/(¢*e—e*w) N (V5 Ae p = D5 A ) (4.13)
If ¢ and € are noncommutative Majorana fermions, they satisfy the relations:

Yre=E gx_gU_g, VY5 NP =p_gVs A_gV_g (4.14)

and one sees that (4.13) does not vanish anymore (although it vanishes in the commutative
limit). Thus the NC Majorana condition does not ensure the local x-supersymmetry in-
variance of the action in (4.1). In fact, the local supersymmetry of the commutative action
is broken by noncommutativity.

There is another condition that we can impose on fermi fields, the Weyl condition, still
consistent with the x-symmetry structure of the action:

Ysth =1p,  ys€ =€ (4.15)

i.e. all fermions are left-handed (so that their Dirac conjugates 1) and € are right-handed). In
this case the local x-supersymmetry variation vanishes because in all the fermion bilinears
the ~5 matrices can be omitted, and the product of a right-handed spinor with a left-handed
spinor vanishes. Thus the noncommutative supergravity action (4.1) with Weyl fermions
is locally supersymmetric.

Note that now we cannot impose the charge conjugation relations (4.12) on the bosonic
fields : indeed *-supersymmetry links together these relations with the NC Majorana con-
dition, which is not compatible in D = 4 with the Weyl condition (as in the classical case).

The 6 — 0 limit of this chiral noncommutative theory is a complex version of the
so-called D =4, N =1 Weyl supergravity and is discussed in section 4.6 below.

4.3 Hermiticity conditions and reality of the action

Hermiticity conditions can be imposed on V, 2 and the gauge parameter e:
W=V =90 =0 —ep=¢ (4.16)
Moreover it is easy to verify that:

Yolp A Plo = [¥ As )T (4.17)

These conditions are consistent with the *-gauge and x-supersymmetry variations (both
for Majorana and chiral fermions), as in the commutative case, and can be used to check
that the action (4.1) is real. The hermiticity conditions imply that the component fields

ab

Ve, Ve w® w, and @, and gauge parameters €%, ¢, and € are real fields.

4.4 Component analysis

Here we list the x-gauge and supersymmetry variations of the component fields. In the
supersymmetry variations we consider both Majorana and Weyl fermions.
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4.4.1 *-(Gauge variations

0V = % (a“b*Vb + Vb*&t“b) + %.sabcd (Vb*a“l - est*Vb)
+ex VO —V0ike—ExVI—Vo%é

5V = % (a“b*vb + f/b*sab) + isabcd (Vb*a“l - aCd*Vb>
+exVE—V0ike—Ex VO —Vaxé

1
Sew™® = = (a“c *w® — gbc *w + w? % el —wx Ebc)

2

1 ab ab i ab cd | ~ ~ cd

+Z e w—wxe +§e cd |\ € *W—wke

1 { - -

+Z <5 * W — *a) + gsabcd (a*w“l —w *5)

1 -
5Ew:g(w“b*sab—eab*w“b>+s*w—w*e+e*w—w*e
- i - - - ~
5Ew:1_65abcd<wab*a“l—50d*w“b)+5*w—w*a+€*w—w*5

4.4.2 Supersymmetry variations: Majorana fermions

5 Ve = %Tr[(e *x 1 — 1% €)Y
5.7 = %Tr[(e K — % &)y )

1
dctp = de — Zwabryabe - (iw + (:)75)6

4.4.3 Supersymmetry variations: Weyl fermions

SV =6,V = %TT[(E K1 — 1 )]
det) = de — Zw“byabe — (iw + @)e

4.4.4 Charge conjugation conditions

The charge conjugation relations (4.12) imply for the component fields:

a __ a ab __  .ab
Vo' =V, Wy = W_g

Vgt = =VZ, wy = —W_g, Wy = —W_g,

and for the gauge parameters:

&,gb = Egbg
€9 = —€_p Ep= —E_yg
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(4.18)

(4.19)

(4.20)
(4.21)

(4.22)

(4.23)
(4.24)

(4.25)

(4.26)
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4.5 Field equations and Bianchi identities

Using the cyclicity of the integral and of the Tr in the action (4.1), the variation on V/,
Q) and v yield respectively the Einstein equation, the torsion equation and the gravitino
equation in index-free form:

Tr[Caas(—iV Ay R—iRAV +2(p A b+ 10 Ay p)] = 0 (4.32)

TrCap1 5T AV —iVAT 20 Ak th AV =2V Ay h A 9)] = 0 (4.33)
1

VADY =T At =0 (4.34)

where I'y 1 5 indicates yqp, 1 and 75 (thus there are three distinct equations) and likewise
for I'y 45 (two equations corresponding to 7, and v,75). The torsion T = T%y, + T‘Wa% is
defined as:

T=dV—QAV -V AQ (4.35)

The torsion equation can be written as:
[T AV =iV AT 420 A O AV =2V A ) A b, v5] = 0 (4.36)

since the anticommutator with 75 selects the 4, 1 and 5 components. This equation can
be solved for the torsion:

T =il A, 575 = 1) At — 159 As 95 (4.37)

For chiral gravitini:

T = 2it) Ny (4.38)
The Bianchi identities for the curvatures and the torsion are obtained from the com-
mutative ones simply by replacing exterior products by *x-exterior products.

4.6 Commutative limit

The nonsupersymmetric NC theory with NC Majorana gravitino, and charge conjugation
conditions (4.12), reduces in the § — 0 limit to the usual D = 4, N = 1 supergravity.
Indeed the charge conjugation conditions on V and € imply that the component fields V¢,
w, and  all vanish in the limit # — 0 (see the second line of (4.29)), and only the classical

spin connection w®

, vierbein V% and Majorana fermion 1 survive. Similarly the gauge
parameters €, and £ vanish in the commutative limit.

In the chiral case, the extra vielbein V® cannot vanish in the commutative limit, since
its supersymmetry variation is equal to that of V® Then one obtains a commutative
limit that is a (locally) supersymmetric version of gravity with a complex vielbein studied
by Chamseddine, or a bigravity-like theory (in our case a super-bigravity theory). For a
discussion on chiral supergravity see for ex. [12]. A detailed study of this commutative

limit will not be carried out in the present paper.
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4.7 The noncommutative supergravity action in terms of chiral fields

In the case of chiral fermions, it may be useful to reexpress the action in terms of chiral
bosonic and fermionic fields. Chiral bosonic fields can be defined in exactly the same way
as chiral fermionic fields, since V' and €2 take values in the spinor representation (they are
Clifford algebra valued fields). Thus we’ll denote by Vi and Q4 the projections

1 1
Vi=501£)V, Qs =5(1E7)0 (4.39)
Note that the spin connection w® contained in (4 is then (anti)self-dual.
The action (4.1) takes the form:

S = /Tr[iR+ A Vi Ad Ve —iRCAVo ANV 420 Acth + 1 A p) AL VL] (4.40)

with
Ry =dOy — Q4 A Q4 (4.41)

The transformation rules and the field equations can all be rewritten in terms of the chiral
fields. For example under supersymmetry the “chiral vielbein” Vi transform as:

§Vy =2i(exyp —pxé), 6V_=0 (4.42)
Similarly the torsion equation becomes:

T, =2ip Ay, T_ =0 (4.43)

5 Conclusions

The index-free notation, based on Clifford algebra expansion of the bosonic fields (see for ex.
ref.s [2, 12]), allows to study invariances with simple algebraic manipulations. This frame-
work is ideally suited to study noncommutative generalizations of field theories containing
gravity, cf. ref.s [2], where a complex noncommutative gravity was proposed. In ref. [8] we
showed that a NC gravity could be constructed, with a commutative limit coinciding with
the usual Einstein-Cartan theory. We proved that a NC charge conjugation condition on
the vierbein and on the spin connection yields a real vierbein in the commutative limit.
The theory was also coupled to (Majorana) fermion zero-forms (spin 1/2).

In this paper we have constructed noncommutative supergravities in D = 3 and D = 4.
The commutative limit of the D = 3 locally supersymmetric theory coincides with pure
supergravity (without cosmological term) in D = 3. The D = 4 model is less satisfactory:
if we use the NC Majorana condition for the gravitino, the action is not *x-supersymmetric.
However in this case we can impose charge conjugation conditions on the vierbein and
spin connection, so that the commutative limit of the theory reproduces usual D = 4,
N =1 supergravity.

We recover x-local supersymmetry of the action when the gravitino is chiral. In this
case we cannot impose the charge conjugation condition on the vierbein (because then
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*-supersymmetry requires the NC Majorana condition on the gravitino), and therefore the
commutative limit does not involve only one real vierbein, but reduces to a chiral D = 4,
N = 1 supergravity with a complex vierbein.

Note that the x-products deformations considered in this paper are associated to a
very general triangular Drinfeld twist F, a particular case being the Groenewold-Moyal
*-product. In our general framework one could consider promoting the twist F itself to a

dynamical field, see [13] for an example in the flat case.

A Twist differential geometry

The noncommutative deformation of the gravity theories we constructed relies on the exis-
tence (in the deformation quantization context, see for ex [14] ) of an associative x-product
between functions and more generally an associative A, exterior product between forms
that satisfies the following properties:

e Compatibility with the undeformed exterior differential:

At Ae ) = d(7) AT+ (1)) 7 A, dr! (A.1)
e Compatibility with the undeformed integral (graded cyclicity property):

/T Ay 7_l _ (_1)deg(7—)deg(7—’) /T/ A T (Az)

with deg(7)+deg(7") =D=dimension of the spacetime manifold, and where here 7 and
7/ have compact support (otherwise stated we require (A.2) to hold up to boundary

terms).

e Compatibility with the undeformed complex conjugation:

(7_ Ay 7_/)* _ (_1)deg(7—)deg(7—/)7_l* Ay * (Ag)

We describe here a (quite wide) class of twists whose x-products have all these properties.
In this way we have constructed a wide class of noncommutative deformations of gravity
theories. Of course as a particular case we have the Groenewold-Moyal x-product

fxg=rp {eéepaap&%f ® g} , (A.4)

where the map p is the usual pointwise multiplication: u(f®g) = fg, and 077 is a constant
antisymmetric matrix.

Twist. Let = be the linear space of smooth vector fields on a smooth manifold M,
and UZ its universal enveloping algebra. A twist F € UZ ® UZ defines the associative

twisted product

frg=p{F ' fog} (A.5)
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where the map p is the usual pointwise multiplication: u(f®g) = fg. The product associa-
tivity relies on the defining properties of the twist [3, 14, 15]. Using the standard notation

F=t"gf,, Fl=i"ol, (A.6)

(sum over « understood) where f¢, £y, 1", T, are clements of UZ, the x-product is expressed
in terms of ordinary products as:

frg=1"(flal9) (A7)

Many explicit examples of twist are provided by the so-called abelian twists:
F = e 30" Xa®Xs (A.8)

where {X,} is a set of mutually commuting vector fields globally defined on the manifold,?
and 0% is a constant antisymmetric matrix. The corresponding *-product is in general
position dependent because the vector fields X, are in general z-dependent. In the special
case that there exists a global coordinate system on the manifold we can consider the vector
fields X, = a%a In this instance we have the Moyal twist, cf. (A.4):

Fl = 30770050, (A.9)

Deformed exterior product. The deformed exterior product between forms is de-
fined as
T AT =1 (7) Ao(T) (A.10)

where I and f,, act on forms via the Lie derivatives Lo, ﬁfa (Lie derivatives along products
uv - - - of elements of E are defined simply by Ly,,... = £, L, ---). This product is associative,
and in particular satisfies:

TAh*xT =7xh AT/, hx(TAT) = (h*xT) AT, (TAT)*xh=7A (7' xh) (A.11)

where h is a O-form, i.e. a function belonging to Flun(M), the x-product between functions
and one-forms being just a particular case of (A.10):

hxt =1 (W)fa (1), Txh=1"(7)fa(h) (A.12)

Exterior derivative. The exterior derivative satisfies the usual (graded) Leibniz rule,
since it commutes with the Lie derivative:

d(fxg) =df xg+ fxdg (A.13)
d(t N ™) = dr N T+ (—1)deg(7) T Ay dr’ (A.14)

®We actually need only the twist F to be globally defined, not necessarily the single vector fields X,.
An explicit example of this latter kind is given by the twist (A.8), that in an open neighbourhood with
coordinates ¢, x, y, z is defined by the commuting vector fields X1 = f(=, Z)a_e;7 X2 = h(y, z)a%7 where f(x, 2)
is a function of only the x and z variables and has compact support, and similarly h(y,z). This twist is
globally defined on the whole manifold by requiring it to be the identity 1 ® 1 outside the {z®} coordinate
neighbourhood. The corresponding x-product, defined on the whole spacetime manifold, is noncommutative

only inside this neighbourhood.
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Integration: graded cyclicity. If we consider an abelian twist (A.8) given by globally
defined commuting vector fields X, then the usual integral is cyclic under the x-exterior
products of forms, i.e., up to boundary terms,

/ 7 AT = (—1)dea(rdeg(r) / AT (A.15)

with deg(7) + deg(7’") =D=dimension of the spacetime manifold. In fact we have

/7- AT = /7’ AT = (—1)des()deg(r) /7" AT = (—1)%e9(r)des(™") /7” AT (A16)

For example at first order in 6,

/T/\*TI:/T/\TI—%Hab/ﬁxa(T/\EXbT/) :/T/\TI—%Hab/diXa(T/\EXbT/) (A.17)

where we used the Cartan formula Lx, = dix, + ix,d.

More generally if the twist F satisfies the condition S (fa)fa = 1, where the antipode S
is defined on vector fields as S(v) = —v and is extended to the whole universal enveloping
algebra UZ linearly and antimultiplicatively, S(uv) = S(v)S(u), then a similar argument
proves the graded cyclicity of the integral.®

Complex conjugation. If we choose real fields X, in the definition of the twist (A.8),
it is immediate to verify that:

(T Ay 7_/)>o< _ (_1)deg(r)deg(r’)7_/* Ay T (Alg)

since sending i into —i in the twist (A.9) amounts to send 6% into —0% = % i.e. to
exchange the order of the factors in the x-product.

More in general we can consider twists F that satisfy the reality condition (cf. section
8in [3] ) I @ T, = S(fa) @ S(f"). The *-products associated to these twists satisfy
properties (A.18), (A.19).

B Gamma matrices in D = 3

We summarize in this appendix our gamma matrix conventions in D = 3.

() () () (B.1)

TNab = (_17 17 1)7 {’Yaa’}/b} = 277ab7 [’Yaa’Yb] = 2'.Yab = —25abc’Yca (BQ)
012 = —€"? =1, (B.3)
7 = 0%a% (B.4)

®Proof: using Sweedler’s coproduct notation we have (cf. footnote 3 in [8] that goes into details)
T AT = T (1) ATa(r) =T (T ASEDE(T)) =7 A SEHEu (7)) + ?a/l(r A S(?a;)fa(r/))
= 7 AT’ + total derivative

where AF" = f(f ® f; =1 + fall ® fa;, and in the last equality we observe that each fall contains at

least one vector field. Thus use of Cartan’s formula implies that the second addend is a total derivative.
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B.1 Useful identities

YoV = Yab + Nab = —€abe¥" + Nab (B.5)
YabYe = TbcYa = TacVb — Eabe (B.6)
YeVab = NacVb — MbeYa — Eabe (B.7)

YaWYe = NabVe + MoeYa — NacVb — Eabe (B.8)
Y yea = —48107" ; — 208 (B.9)

where 5‘;3 = %(5?63—6352), and index antisymmetrizations in square brackets have weight 1.

C Gamma matrices in D =4

We summarize in this appendix our gamma matrix conventions in D = 4.

My = (L =1, —1,=1),  {Ya, %} = 20w,  [Ya, ] = 27ab; (C.1)
V5 = 190717273 5y = 1, cozs = —"P =1, (C.2)
Y = Y0Ya%0; W= (C.3)
7 = —C,C7Y, 7 =CypCt, ?=-1, CT=-C (C.4)
C.1 Useful identities

YaYb = Yab t Nab (C.5)
YabVs = %eabcd’VCd (C.6)
YabVe = TocVa — TacVo — 1€abed VY (C.7)
VeYab = TacVb = TocVa — 1Eabed V57" (C.8)
YoV Ye = NabVe + MoeYa — TacVo — i€abed V57" (C.9)
Y ea = —ie 5 — 4019”5 — 202 (C.10)

C.2 Charge conjugation and Majorana condition
Dirac conjugate 1 = 1T~ (C.11)
Charge conjugate spinor ¢ = C(¢)7 (C.12)
Majorana spinor ¢¢ =1 =1 =T C (C.13)

C.3 Fierz identities for two spinor one-forms

$AX = 5 [(X AL+ (X5 AY)v5 + (XY AY) e + (X5 AY) Ya¥s — ! (XV‘“’ A w) 'Yab]

4 2
(C.14)
Noncommutative Fierz identities.
1
Y AT = 7 |Tr (@A) T+ Tr (95 A )95+ T (87" A X) Yo +
1
Tr (Y5 Ax X) Ya¥s — oL (W“b Ax X) 'Yab] (C.15)
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